Abstract. Let K be an algebraically closed field of characteristic zero and A an integral K-domain. The Lie algebra Der K (A) of all K-derivations of A contains the set LN D(A) of all locally nilpotent derivations. The structure of LN D(A) is of great interest, and the question about properties of Lie algebras contained in LN D (A) is still open. An answer to it in the finite dimensional case is given. It is proved that any finite dimensional (over K) subalgebra of Der K (A) consisting of locally nilpotent derivations is nilpotent. In the case A = K[x, y], it is also proved that any subalgebra of Der K (A) consisting of locally nilpotent derivations is conjugated by an automorphism of K[x, y] with a subalgebra of the triangular Lie algebra.
Introduction
Let K be an algebraically closed field of characteristic zero and A an associative commutative K-algebra that is a domain. A derivation D : A → A is called locally nilpotent if for any element a ∈ A there exists a positive integer n = n(a) such that D n (a) = 0. The study of locally nilpotent derivations is an important problem in differential algebra because the exponents of such derivations are automorphisms of the associative algebra A and they carry information about A. Many papers and a few monographs are devoted to locally nilpotent derivations (see, for example, [10] , [4] , [7] , [9] , [3] , [6] , etc). One of unsolved problems is to describe all Lie algebras contained in the set LND(A) of all locally nilpotent derivations on the algebra A (see Problem 11.6 in [4] ). In this paper, it is proved that every finite dimensional (over K) subalgebra of the Lie algebra Der K (A) consisting of locally nilpotent derivations is nilpotent (Theorem 1). In the case A = K[x, y], the polynomial ring in two variables, it is proved that every subalgebra L ⊆ LND(A) of Der K (A) is conjugated with a subalgebra of the triangular Lie algebra u 2 (K) by an automorphism of K[x, y]. By Rentschler's Theorem [10] , the structure of LND(K[x, y]) is as follows:
It is proved that every Lie algebra lying in LND(K[x, y]) is contained entirely in at least one of subalgebras conjugated with u 2 (K) (Theorem 2). We use standard notations. The ground field K is algebraically closed of characteristic zero. The quotient field of the integral domain A under consideration is denoted by R. The set of all locally nilpotent derivations of A is denoted by LND(A). Any derivation D of A can be uniquely extended to a derivation of R by the rule: D(a/b) = (D(a)b − aD(b))/b 2 . If F is a subfield of the field R and r 1 , . . . , r k ∈ R, then the set of all linear combinations of these elements with coefficients in F is denoted by F r 1 , . . . , r k ; it is a subspace of the F -space R. The triangular subalgebra u 2 (K) of the Lie algebra W 2 (K) = Der(K[ , where α ∈ K, β(x) ∈ K[x] (about properties of triangular Lie algebras see [1] ). Recall that a subalgebra B of an associative commutative algebra A is factorially closed in A if the relations a 1 a 2 ∈ B, a 1 = 0, a 2 = 0, imply a 1 ∈ B and a 2 ∈ B. A polynomial a = a(x, y) ∈ K[x, y] is called coordinate if there . The Lie algebra W 2 (K) is a free module over the ring K[x, y] (of rank 2), so for any subalgebra L ⊆ W 2 (K) one can define rank of L over the ring K[x, y].
Finite dimensional Lie algebras consisting of locally nilpotent derivations
Throughout this section, A denotes an integral K-domain and R the field of fractions for the algebra A. The set of all K-derivations of A is denoted by Der K A, it is a Lie algebra over the field K. Some properties of locally nilpotent derivations are pointed out in the next two lemmas. 
Proof. Straightforward check. 
Note that by Lemma 1(a,c) the subfields R 1 , R 2 are algebraically closed in the field R and tr.deg R 1 R = tr.deg R 2 R = 1. Then one can easily show that R 1 = R 2 and therefore Ker
Using Lemma 2, we see that there exist nonzero elements a, b ∈ B such that aD 1 = bD 2 . But then we get
by Lemma 4(b). Since D 2 = 0 we have ab = 0. This is impossible, because A is an integral domain. This contradiction shows that every two-dimensional subalgebra of the finite dimensional Lie algebra L is abelian. Therefore, L is nilpotent by Lemma 3. Recall that a Lie algebra L over a field K is locally finite (or locally finite dimensional) if every its finitely generated subalgebra is of finite dimension over K. A Lie algebra L is locally nilpotent if every its finitely generated subalgebra is nilpotent.
Corollary 1. Let L be a locally finite subalgebra of the Lie algebra Der
3. On subalgebras of W 2 (K) consisting of locally nilpotent derivations.
In this section, A = K[x, y] is the polynomial ring in two variables over the field K and R = K(x, y), the field of rational functions. W 2 (K) denotes the Lie algebra Der K A of all K-derivations of A.
Lemma 5. ([4], Corollary 4.7) Let D be a derivation of the ring
Proof. Straightforward check.
Corollary 2. Let L be a subalgebra of the Lie algebra
It is easy to check that
(1) Let r 1 D 1 + r 2 D 2 = 0 for some r 1 , r 2 ∈ A, and at least one of r 1 , r 2 is nonzero. Without loss of generality, one can assume that D 1 = 0 and D 2 = 0. Then it obviously holds the equality Ker
. The equality [a, c] = 0 implies that D a and D c are linearly dependent over A (see [9, Corollary 7.2.10] ). This contradicts our assumption.
Therefore
Thus,
. Since the polynomials a and µb + q(a) form a coordinate pair in A = K[x, y], we get that (a, c) is also a coordinate pair in A. Furthermore, from the relation
Clearly, αa + β and γb + δ form a coordinate pair in A. Without loss of generality, we may denote αa + β by a, γb + δ by c, and get
Lemma 8. Let L be an abelian subalgebra of the Lie algebra W 2 (K) (not necessarily finite dimensional over K). If L ⊆ LND(A), then L is one of the following algebras:
, i ∈ I} is a finite or a countable infinite set of polynomials that are linearly independent over K, and a ∈ A is a coordinate polynomial.
D a has a countable basis over K, we can find a finite or a countable infinite basis {f i (a)D a } i∈I of the Lie algebra L. We see that L is of type 1). Now let rk A L = 2. Take arbitrary
Lemma 9. Let L be a subalgebra of rank 2 over A of the Lie algebra
Proof. Take any elements D 1 , D 2 ∈ L that are linearly independent over A. Consider inductively defined elements 
for some γ ∈ K. The field K is algebraically closed, so we have
where µ ∈ K ⋆ and α 1 , α 2 , . . . , α n are all the roots of the polynomial h(a) + γ. Rewrite the equality (1) in the form 
one can easily show that for some s, k, s ≥ k it holds
where the polynomial 2 /2 − α 11 xy − α 12 y 2 /2. There exists (by Lemma 5) a coordinate polynomial c ∈ A such that h = g(c) for some polynomial g(t) ∈ K[t]. If deg g = 1, then h is a coordinate polynomial. This is impossible, because h is reducible as a homogeneous polynomial in two variables. Hence deg g = 2 and deg c = 1. A straightforward check shows that there exist µ, ν ∈ K such that h = (µx + νy) 2 . Choose a polynomial µ 1 x + ν 1 y (µ 1 , ν 1 ∈ K) in such a way that µν 1 − µ 1 ν = 1. The polynomials µx + νy, µ 1 x + ν 1 form a coordinate pair in K[x, y], and thus there exists an automorphism ψ of the ring A defined by the rule: ψ(µx + νy) = x, ψ(µ 1 x + ν 1 y) = y. Denote L 2 = ψL 1 ψ −1 . One can easily check that
Lemma 11. Let L be a subalgebra of the Lie algebra , where α 11 , α 12 , α 21 , α 22 ∈ K and at least one of them is nonzero. The derivation D is locally nilpotent, so we have divD = α 11 + α 22 = 0 (see [4, Corollary 3.16] ). Then 
it is easy to show that for any nonnegative integers k, s, k ≤ s, it holds 
and D 1 is of the form
with all the coefficients in K. Since α k,m−k = 0, we have α 1 = 0. The latter is impossible by Lemma 11. Further, if k = 0, i.e. α 0,m = 0, we get
with all the coefficients in K, and α 2 = 0 because α 0,m = 0. This is also impossible by the same reason. Therefore deg p < deg q for any derivation D = p(x, y)
Denote n = deg q(x, y) and let q n (x, y) be the highest homogeneous component of the polynomial q. Suppose deg y q n (x, y) = l ≥ 1. Then as above ∈ LND(A). The obtained contradiction shows that deg y q n (x, y) = 0 and therefore q n = q n (x).
Lemma 13. Let L be a subalgebra of the Lie algebra 
Without loss of generality, one can assume that β = 0 because , where s(x) is a polynomial such that s ′ (x) = r(x). By the same lemma, we have −αxy + s(x) = f (a) for a coordinate polynomial a = a(x, y) and some f (t) ∈ K[t]. Note that a ′ y (x, y) = 0 because in the other case α = 0 which contradicts the hypothesis on α (recall α ∈ K * ). Since this fact, if deg f (t) ≥ 2, then we get deg y f (a) ≥ 2. The latter is impossible because of equality f (a) = −αxy +s(x). Therefore, deg f (t) = 1 and f (a) = αxy +s(x) is a coordinate polynomial of the ring K[x, y]. Denote by s 0 the constant term of the polynomial s(x). We see that f (a) − s 0 = −αxy − s(x) − s 0 is also a coordinate polynomial. But the polynomial αxy − s(x) − s 0 divides by x and thus is reducible. The obtained contradiction shows that every element D ∈ L is of the form D = α . The latter means that L 1 ⊆ u 2 (K). 
